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We have investigated the interaction between a strong soliton and a weak probe with certain
configurations that allow optical trapping in gas-filled hollow-core photonic crystal fibers in the
presence of the shock effect. We have shown theoretically and numerically that the shock term
can lead to an unbroken parity-time (PT ) symmetry potential in these kinds of fibers. Reciprocity
breaking, a remarkable feature of the PT symmetry, is also demonstrated numerically. Our results
will open different configurations and avenues for observing PT -symmetry breaking in optical fibers,
without the need to resort to cumbersome dissipative structures.
PACS numbers: 42.65.Tg, 42.81.Dp
One of the postulates of ordinary quantum mechanics
is that Hermitian operators are associated to physical ob-
servables, which are accompanied by a spectrum of real
eigenvalues [1]. Surprisingly, Bender et al. in the late
nineties have found a class of non-Hermitian Hamilto-
nian operators that can also exhibit entirely real spec-
tra, provided that these operators satisfy the parity-time
(PT ) symmetry [2, 3]. Specifically, a Hamiltonian op-
erator is said to be PT symmetric, if U (x) = U∗ (−x),
where U is the potential, and x is the position. There-
fore, the real part of the potential must be even, while
its imaginary part should be odd. Interestingly, this class
of operators are characterized by the existence of a cer-
tain threshold above which the PT symmetry is sponta-
neously broken, and the entire spectrum of eigenvalues
becomes complex. The PT symmetry has been investi-
gated and explored theoretically [4–13] and demonstrated
experimentally [14–17] in a number of different optical
settings that exhibit gain and loss processes simultane-
ously. The structure complexity is the most common
feature in these microstructures.
After the invention of the hollow-core (HC) photonic
crystal fibers (PCFs) [18, 19], there is currently a great
motivation to demonstrate the PT symmetry in the most
successful waveguide of all, the optical fiber. Usually, the
Raman nonlinear contribution is dominant in solid-core
fibers, and can deteriorate this interesting phenomenon.
However, HC-PCFs based on a Kagome lattice have ex-
tended the field of linear and nonlinear fiber optics well
beyond the interaction of light with solid media [20]. A
HC-PCF can be filled with Raman-inactive gases such as
noble gases, allowing unprecedented possibilities to study
‘pure’ nonlinear effects without the ‘disturbance’ of the
Raman effect. In recent years, the study of HC-PCFs
filled with noble gases has led to the demonstration and
the prediction of interesting unexpected phenomena such
as high harmonic generation [21], deep UV generation
[22], soliton self-frequency blue shift [23–27], asymmetric
self phase modulation, and universal modulational insta-
bility [28].
In this Rapid Communication, we propose the HC-
PCF as an alternative structure in order to observe the
PT symmetry in optics rather than using cumbersome
microstructures in which gain and loss must be carefully
balanced. Very recently, we have introduced a system to
observe optical trapping between two ultrashort pulses
in HC-PCFs filled by a noble gas due to solely the cross
phase modulation effect (XPM) [29]. The system is Ra-
man and plasma free. The two pulses have different scale
of intensities, the strong ‘pump’ pulse introduces a po-
tential well that traps the weak ‘probe’ pulse inside it.
The two pulses must have the same frequency to fulfil
the group-velocity matching condition, and different cir-
cular polarization states for a clear monitoring at the
fiber output. In order to eliminate birefringence-induced
coupling between the pulses, the fiber core should be per-
fectly symmetric. In this case, the propagation of the
two pulses in a lossless medium are governed by the fol-
lowing set of normalized coupled nonlinear Schro¨dinger
equations [30],
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1
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∂2τψ1 + |ψ1|
2
ψ1 + i τsh ∂τ
(
|ψ1|
2
ψ1
)
= 0,
i ∂ξψ2 +
1
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∂2τψ2 + 2 |ψ1|
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ψ2 + i 2 τsh ∂τ
(
|ψ1|
2
ψ2
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(1)
where ψ1 and ψ2 are the complex envelopes of the pump
and the probe, respectively, ξ is the longitudinal coordi-
nate along the fiber, τ is the time coordinate, ∂ is the
partial derivative, and τsh is the normalized shock coef-
ficient. The effect of higher-order dispersion coefficients,
and the nonlinearity of the probe are neglected.
The governing equation of the propagation of the pump
is found to be integrable, and has a family of soliton
solutions [31, 32]. The fundamental solution has a form
similar to the Schro¨dinger soliton, but it is chirped,
ψ1 (ξ, τ) = A sech θ
B∗ + 1 + (B∗ − 1) tanh θ
[B + 1 + (B − 1) tanh θ]
2
eiN
2ξ/2,
(2)
where θ = Nτ , A = 2N
(
1 +N2τ2sh
)
−1/4
, B =
(1 + iNτsh)A
2/
(
4N2
)
, and N is the soliton order. The
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FIG. 1. (Color online). Solid blue curves represent (a) the
temporal and (b) the spectral profile of the pump intensity,
respectively. Ω is the normalized frequency shift, N = 2.5,
and τsh = 0.1137. These parameters are used in all the simu-
lations shown in this rapid communication, except in Fig. 2
where N is an independent variable. The time derivative of
the temporal pulse intensity is shown by the dashed red curve
in (a).
temporal and the spectral profiles of the pump intensity
are depicted in panels (a) and (b) of Fig. 1, respectively.
It is clearly shown that the temporal dependence is sym-
metric, while the spectral dependence is asymmetric.
The probe propagates linearly, since its nonlinearity is
negligible. Its governing equation can be written as
i ∂ξψ2 + i 2 τsh |ψ1|
2 ∂τψ2 +
1
2
∂2τψ2
+2
[
|ψ1|
2 + i τsh ∂τ |ψ1|
2
]
ψ2 = 0.
(3)
Hence, the shock term introduces two terms proportional
to τsh, as shown in Eq. (3). The first term results in ad-
ditional time-dependent group velocity, while the second
term modifies the trapping potential by an imaginary
component. Introducing the following phase transforma-
tion
ψ2 = ψ˜ exp
[
−i 2 τsh
∫
|ψ1|
2
dt
]
, (4)
Eq. (3) can be simplified to
i ∂ξψ˜+
1
2
∂2τ ψ˜+
[
2 |ψ1|
2 + 2 τ2sh |ψ1|
4 + i τsh ∂τ |ψ1|
2
]
ψ˜ = 0.
(5)
Seeking for stationary solutions for the probe ψ˜ (ξ, τ) =
f (τ) exp (−iqξ), with temporal profile f , and propaga-
tion constant q, Eq. (5) becomes a linear Schro¨dinger
equation in time,
−
1
2
∂2τf + U (τ) f = q f, (6)
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FIG. 2. (Color online). The soliton-order dependence of (a)
the real and (b) the imaginary parts of the propagation con-
stants of the probe in the fundamental, m = 0, and the first-
order, m = 1, modes.
where U = −2 |ψ1|
2 − 2 τ2sh |ψ1|
4 − i τsh ∂τ |ψ1|
2 is the
potential well, and q’s are the eigenvalues. This poten-
tial possesses a PT -symmetry, since its real part is even,
while its imaginary part is odd, see Fig. 1 (a). Note that
such potential is only due to the presence of the pump
soliton ψ1, and the shock term that is always present in
optical fiber systems, and cannot be neglected. In addi-
tion, the phase structure of the soliton does not influence
the form of the potential, since U depends only on |ψ1|.
Similarly to the case in the absence of the shock coef-
ficient [29], this potential well has always two localized
modes. These modes can be computed numerically us-
ing the sparse matrix technique [33]. The dependence
of the real and the imaginary parts of the propagation
constants on the soliton order are depicted in Fig. 2 for
both modes. As shown, the values of the imaginary parts
are negligible in comparison to the real parts, as well as
they follow a random distribution, which indicates that
these values are just numerical errors. In other words,
the propagation constants or the eigenvalues are always
pure real values, and there is no threshold for breaking
the PT -symmetry. In general, the real part of the po-
tential tries to maintain the symmetry of the probe solu-
tion, while the imaginary part would be responsible for
the break up of this symmetry. In our case, however, the
real part of the potential stays dominant in comparison to
the imaginary part, because the shock term affects both
parts simultaneously with different powers of the soliton
orderN . This result contradicts a general statement that
a linear eigenvalue problem has a zero threshold point or
the PT -symmetry in the corresponding system is always
broken [6].
The co-propagation of the pump and the probe in ei-
ther the fundamental or the first-order mode are shown
in Fig. 3. The probe does not suffer from dispersion-
3FIG. 3. (Color online). (a,b) Temporal and spectral evolution
of the pump. (c,d) Temporal and spectral evolution of the
copropagating probe, when it is in the fundamental mode.
(e,f) Temporal and spectral evolution of the copropagating
probe, when it is in the first-order mode.
induced broadening during propagation due to XPM that
traps the probe inside the soliton-induced potential.
PT -symmetric waveguides are characterized by break-
ing reciprocity even if the symmetry is not broken [16]. In
the space domain, having coupled PT -symmetric waveg-
uides, the light evolution is not the same when it is
launched in one waveguide or the other. Mimicking this
experiment in the time domain by introducing a positive
or negative delay ∆τ (with the same magnitude) between
the pump and the probe, non-mirror symmetry outputs
are obtained. Panel (a) of Fig. 4 shows the output tem-
poral profiles of the probe when it is launched in the fun-
damental mode with ∆τ = ±10. As depicted, the two
outputs are not a mirror symmetry of each other, unlike
the inputs. The reason is due to the shock term that
modifies the soliton-induced potential and transforms it
from a regular symmetric one to a PT -symmetric poten-
tial. As the shock term increases, this reciprocity break-
ing increases, even though PT -symmetry itself is never
broken. Panel (b) shows the reciprocity breaking when
the probe is launched in the first-order mode.
In conclusion, we have studied the interaction between
a strong soliton and a weak probe in a symmetric HC-
PCF filled by a noble gas in the presence of the self steep-
ening (shock) effect. The two pulses have the same cen-
tral frequency, and opposite circular polarization states.
The medium is Raman and plasma free. The probe
is trapped during propagation because of the soliton-
induced potential that has always two localized modes.
We have proven theoretically that the shock term mod-
ifies the soliton-induced potential, which becomes PT -
symmetric, by introducing an odd imaginary component
to the potential. We have found that the eigenvalues of
the system are always real, or in other words the PT -
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FIG. 4. (Color online). Temporal profiles of the probe at the
fiber output, when it is in (a) the fundamental or (b) the first-
order mode. Solid red and dashed blue curves represent the
output profiles when the inputs are delayed by ∆τ = 10 and
∆τ = −10, respectively. Red dashed-dotted and blue dotted
curves in (a) represent the input probe, when it is delayed by
∆τ = 10 and ∆τ = −10, respectively.
symmetry is always unbroken. Finally, we have demon-
strated numerically the reciprocity breaking by introduc-
ing a positive or negative time delay (with the same ab-
solute value) between the pump and the probe. We be-
lieve that our results will open different configurations
and avenues for observing PT -symmetry breaking in op-
tical fibers, without the need to resort to cumbersome
dissipative structures.
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